In this note we compute Leibniz algebra deformations of the 3-dimensional nilpotent Lie algebra n3 and compare it with its Lie deformations. It turns out that there are 3 extra Leibniz deformations. We also describe the versal Leibniz deformation of n3 with the versal base.
Introduction
Since a Lie algebra is also a Leibniz algebra, a natural question arises. If we consider a Lie algebra as a Leibniz algebra and compute its Leibniz algebra deformations, is it true that we can get more Leibniz algebra deformations, than just the Lie deformations of the original Lie algebra ?
In this note we will demonstrate the problem on a three dimensional Lie algebra example for which we completely describe its versal Lie deformation and versal Leibniz deformation. It turns out that beside the Lie deformations we get three non-equivalent Leibniz deformations which are not Lie algebras.
Our example is the following. Consider a three dimensional vector space L spanned by {e 1 , e 2 , e 3 } over C. Define the Heisenberg Lie algebra n 3 on it with the bracket matrix 3 , e 2 ] = −e 1 ). This is the only nilpotent three dimensional Lie algebra. We compute infinitesimal Lie and Leibniz deformations and show that there are three additional Leibniz cocycles beside the five Lie cocycles. We will show that all these infinitesimal deformations are extendable without any obstructions. We also describe the versal Leibniz deformation. The structure of the paper is as follows. In Section 1 we recall the necessary preliminaries about Lie and Leibniz cohomology and deformations. In Section 2 we recall the classification of three dimensional Lie algebras and describe all nonequivalent deformations of the nilpotent Lie algebra n 3 . In Section 3 we give the classification of three dimensional nilpotent Leibniz algebras. Among those n 3 is the only nontrivial Lie algebra. Then we compute Leibniz cohomology and give explicitly all non-equivalent infinitesimal deformations. In Section 4 we show that all infinitesimal deformations are extendable as all the Massey squares turn out to be zero. We identify our deformations with the classified objects. Finally we show that the versal Leibniz deformation is the universal infinitesimal one, and describe the base of the versal deformation.
Preliminaries
Let us recall first the Lie algebra cohomology. Definition 2.1. Suppose g is a Lie algebra and A is a module over g. Then a q-dimensional cochain of the Lie algebra g with coefficients in A is a skew -symmetric q-linear map on g with values in A; the space of all such cochains is denoted by C q (g; A). Thus, C q (g; A) = Hom(Λ q g, A); this last representation
is defined by the formula
where c ∈ C q (g; A) and
We complete the definition by putting C q (g; A) = 0 for q < 0, d q = 0 for Leibniz algebras were introduced by J.-L. Loday [7, 9] . Let K denote a field.
Definition 2.2.
A Leibniz algebra is a K-module L, equipped with a bracket operation that satisfies the Leibniz identity:
Any Lie algebra is automatically a Leibniz algebra, as in the presence of antisymmetry, the Jacobi identity is equivalent to the Leibniz identity. More examples of Leibniz algebras were given in [7, 8, 9] , and recently for instance in [2, 1] .
Let L be a Leibniz algebra and M a representation of L. By definition, M is a K-module equipped with two actions (left and right) of L,
holds, whenever one of the variables is from M and the two others from L.
Define
is a cochain complex, whose cohomology is called the cohomology of the Leibniz algebra L with coefficients in the representation M . The nth cohomology is denoted by HL n (L; M ). In particular, L is a representation of itself with the obvious action given by the bracket in L. The nth cohomology of L with coefficients in itself is denoted by HL n (L; L).
Let S n be the symmetric group of n symbols. Recall that a permutation σ ∈ S p+q is called a (p, q)-shuffle, if σ(1) < σ(2) < · · · < σ(p), and σ(p + 1) < σ(p + 2) < · · · < σ(p + q). We denote the set of all (p, q)-shuffles in S p+q by Sh(p, q).
graded Lie algebra. Let now K a field of zero characteristic and the tensor product over K will be denoted by ⊗. We recall the notion of deformation of a Lie (Leibniz) algebra g (L) over a commutative algebra base A with a fixed augmentation ε :
Definition 2.3. A deformation λ of a Lie algebra g (or a Leibniz algebra L)
with base (A, M), or simply with base A is an A-Lie algebra (or an A-Leibniz algebra) structure on the tensor product
is an A-Lie algebra (A-Leibniz algebra) homomorphism.
A deformation of the Lie (Leibniz) algebra g (L) with base A is called infinitesimal, or first order, if in addition to this M 2 = 0. We call a deformation 
Definition 2.5. (see [3] ) Let C be a complete local algebra.
then there exists a versal deformation of g (similarly for L).
Proof. Follows from the general theorem of Schlessinger [11] , like it was shown for Lie algebras in [3] .
In [4] a construction for a versal deformation of a Lie algebra was given and it was generalized to Leibniz algebras in [5] . The computation of a specific example is given in [10] .
Let us describe the universal infinitesimal deformation (see [4] and [5] ). For simplicity we will only discuss the Leibniz algebra case.
Assume
Consider the algebra
Observe that the second summand is an ideal of C 1 with zero multiplication. Fix a homomorphism
which takes a cohomology class into a cocycle representing it. Notice that there is an isomorphism H ′ ⊗ L ∼ = Hom(H ; L), so we have
Using the above identification, define a Leibniz bracket on C 1 ⊗ L as follows.
where the map ψ : H −→ L is given by
It is straightforward to check that C 1 ⊗ L along with the above bracket η 1 is a Leibniz algebra over C 1 . The Leibniz identity is a consequence of the fact that δµ(α) = 0 for α ∈ H . Thus η 1 is an infinitesimal deformation of L with base 
In particular, for l 1 , l 2 ∈ L we have
The main property of η 1 is the universality in the class of infinitesimal deformations with a finite dimensional base. Proposition 2.9. For any infinitesimal deformation λ of a Leibniz algebra L with a finite dimensional base A there exists a unique homomorphism φ :
After obtaining the universal infinitesimal deformation we could like to extend it to higher order. If we have a universal infinitesimal deformation with basis cocycles {φ i } r i=i , the obstructions to extend it to a second order deformation are the Lie brackets [φ i , φ j ] in the cochain complex (see [3, 5] ). This are also called first order Massey operations. If these bracket cochains are coboundaries we can extend our infinitesimal to the second order deformation. The construction of a versal deformation for Leibniz algebras is given in [5] . In [6] the moduli space of these Lie algebras is described with the help of versal deformations. Let us recall the results for the nilpotent Lie algebra n 3 . The cohomology spaces of the classified algebras are as follows.
We get H 2 (n 3 ; n 3 ) is five dimensional. Let us give explicit representative cocycles which form the basis of H 2 (n 3 ; n 3 ). We give the non zero values.
(1) f 1 : f 1 (e 2 , e 3 ) = e 3 ;
(2) f 2 : f 2 (e 1 , e 2 ) = e 2 , f 2 (e 1 , e 3 ) = −e 3 ; (3) f 3 : f 3 (e 1 , e 2 ) = e 3 ; (4) f 4 : f 4 (e 1 , e 3 ) = e 1 ;
It is easy to check that all the Massey brackets are zero. So the universal infinitesimal deformation is versal and is given by the matrix
Let us check that how our infinitesimal deformation (which are real deformations) fit in the moduli space of three dimensional Lie algebras.
The first deformation with cocycle f 1 has the matrix
which is equivalent to r 2 ⊕ C. The second deformation with cocycle f 2 has the matrix
which is equivalent to sl 2 .
The third deformation with cocycle f 3 has the matrix which is equivalent to r 3,−1 . The first deformation is equivalent to sl 2 , the second and fourth deformations give the Lie algebra r 3,−1 that means that the Lie algebra n 3 deforms to the family in two different ways. The third and fifth deformations are equivalent to r 2 ⊕ C. which means that n 3 deforms to r 2 ⊕ C in two different ways.
Leibniz deformations of n 3
The classification of three dimensional nilpotent Leibniz algebras is known. Let us recall the definition.
We take
Definition 4.1. A Leibniz algebra L is called nilpotent if there exists an integer
The smallest integer n for which L n = 0 is called the nilindex of L.
The classification of complex nilpotent Leibniz algebras up to isomorphism for dimension 2 and 3 is in [7] and [1] . In dimension three there are five non isomorphic algebras and one infinite family of pairwise not isomorphic algebras. The list of this classification is given below. Let us mention that in this list only λ 3 is a Lie algebra. This is the one which is denoted by n 3 and this is the case we are computing. Now we consider the Leibniz algebra L = λ 3 = n 3 and compute its second Leibniz cohomology space.
Our computation consists of the following steps: (i) To determine a basis of the space of cocycles ZL 2 (L; L),
(ii) to find out a basis of the coboundary space BL 2 (L; L),
Suppose ψ(e i , e j ) = 3 k=1 a k i,j e k where a k i,j ∈ C ; for 1 ≤ i, j, k ≤ 3. Since δψ = 0 equating the coefficients of e 1 , e 2 and e 3 in δψ(e i , e j , e k ) we get the following relations: Observe that there is no relation among a . Therefore, in terms of the ordered basis {e 1 ⊗ e 1 , e 1 ⊗ e 2 , e 1 ⊗ e 3 , e 2 ⊗ e 1 , e 2 ⊗ e 2 , e 2 ⊗ e 3 , e 3 ⊗ e 1 , e 3 ⊗ e 2 , e 3 ⊗ e 3 } of L ⊗2 and {e 1 , e 2 , e 3 } of L,the matrix corresponding to ψ is of the form
where 
, be the cocycle with x i = 1 and
Hom(L; L). Suppose the matrix associated to ψ 0 is same as the above matrix M . Let g(e i ) = g Since ψ 0 = δg is also a cocycle in CL 2 (L; L), comparing matrices δg and M we conclude that the matrix of ψ 0 is of the form (iii) It is straightforward to check that
where [φ i ] denotes the cohomology class represented by the
The representative cocycles of the cohomology classes forming a basis of HL 2 (L; L) are given explicitly below. we give the non zero values.
(1) φ 1 : φ 1 (e 2 , e 3 ) = e 3 , φ 1 (e 3 , e 2 ) = −e 3 (2) φ 2 : φ 2 (e 1 , e 2 ) = e 2 , φ 2 (e 2 , e 1 ) = −e 2 , φ 2 (e 1 , e 3 ) = −e 3 , φ 2 (e 3 , e 1 ) = e 3 ; (3) φ 3 : φ 3 (e 1 , e 2 ) = e 3 , φ 3 (e 2 , e 1 ) = −e 3 ; (4) φ 4 : φ 4 (e 1 , e 3 ) = e 1 , φ 4 (e 3 , e 1 ) = −e 1 ; (5) φ 5 : φ 5 (e 1 , e 3 ) = e 2 , φ 5 (e 3 , e 1 ) = −e 2 ; (6) φ 6 : φ 6 (e 2 , e 2 ) = e 1 ; (7) φ 10 : φ 10 (e 3 , e 2 ) = e 1 ; (8) φ 11 : φ 11 (e 3 , e 3 ) = e 1 ;
Consider, µ i = µ 0 + tφ i for i = 1, 2, 3, 4, 5, 6, 10, 11, where µ 0 denotes the original bracket in L. This gives 8 non-equivalent infinitesimal deformations of L.
Here φ 1 , φ 2 , φ 3 , φ 4 , φ 5 are skew-symmetric, so It is interesting to realize that all the three Leibniz deformations are nilpotent and they are real deformation. So they can be identified with the given list. Namely the µ 6 is combination of λ 3 and λ 2 . µ 10 is combination of λ 2 , λ 3 and λ 6 . µ 11 is combination of λ 2 and λ 3 . In order to get a simpler expression for the nontrivial cocycles let us denote with base C 1 = C ⊕ 1≤i≤8 C t i .
Extension of the infinitesimal deformation
Let us try now to extend the universal infinitesimal deformation. give nontrivial 3-cochains from which two of them are linearly independent. We get two relations on the parameter space: The cocycles corresponding to only Leibniz algebras result in trivial mixed brackets:
[φ k ,φ l ] = 0 for k, l = 6, 7, 8.
If we take the bracket of a cocycle from the Lie set and take the bracket with a cocycle from the Leibniz set, it turns out that not all the Massey brackets are trivial. Namely, are nontrivial three cochains. They give us second order relation on the base of the versal deformation: t 5 t 7 = 0, t 3 t 6 = 0, t 5 t 6 = 0, t 5 t 8 = 0, t 3 t 8 = 0, t 2 t 8 , t 3 t 7 and t 2 t 6 = 0.
together with the relations for the Lie part we get all the second order relations for the base of the Leibniz versal deformation.
